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LINEARLY CONTINUOUS FUNCTIONS AND Fσ-MEASURABILITY
TARAS BANAKH AND OLEKSANDR MASLYUCHENKO
Abstract. The linear continuity of a function defined on a vector space means that its
restriction to every affine line is continuous. For functions defined on Rm this notion is
near to the separate continuity for which it is required only the continuity on the straight
lines which are parallel to coordinate axes. The classical Lebesgue theorem states that every
separately continuous function f : Rm → R is of the (m − 1)-th Baire class. In this paper
we prove that every linearly continuous function f : Rm → R is of the first Baire class.
Moreover, we obtain the following result. If X is a Baire cosmic topological vector space, Y
is a Tychonoff topological space and f : X → Y is a Borel-measurable (even BP-measurable)
linearly continuous function, then f is Fσ-measurable. Using this theorem we characterize
the discontinuity point set of an arbitrary linearly continuous function on Rm. In the final
part of the article we prove that any Fσ-measurable function f : ∂U → R defined on the
boundary of a strictly convex open set U ⊂ Rm can be extended to a linearly continuous
function f¯ : X → R. This fact shows that in the “descriptive sense” the linear continuity is
not better than the Fσ-measurability.
1. Introduction
Separately continuous functions have been intensively studied the last 120 years, starting
with the seminal dissertation of R. Baire [1]. The separate continuity of a function of many
variables means the continuity with respect to each variable. This is equivalent to the con-
tinuity of the restrictions of the function onto every affine line, parallel to a coordinate axis.
Requiring the continuity of the restrictions of the function on every affine line, we obtain the
definition of a linearly continuous function.
More precisely, a function f : X → Y from a topological vector space X to a topological
space Y is linearly continuous if for any x, v ∈ X the function R → Y , t 7→ f(x + vt), is
continuous. All topological vector spaces appearing in this paper are over the field R of real
numbers and are assumed to be Hausdorff.
In contrast to the extensive literature on separate continuity, the number of papers devoted
to the linear continuity is relatively small.
Maybe for the first time, linearly continuous functions appeared in the paper [13] containing
an example of a discontinuous linearly continuous function f : R2 → R. This function
is defined by the formula f(x, y) = 2xy
2
x2+y4
where f(0, 0) = 0. An example of a linearly
continuous function which is discontinuous at points of some set of cardinality continuum
was constructed in [29]. Slobodnik in [28] proved that the set D(f) of discontinuity points
of a linearly continuous function f : Rm → R is a countable union of isometric copies of the
graphs of Lipschitz functions h : K → R defined on compact nowhere dense subsets K of
R
m−1. On the other hand, by a result of Ciesielski and Glatzer[8], a subset E ⊂ Rm coincides
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with the set D(f) of discontinuity points of some linearly continuous function f : Rm → R if
E is the countable union of closed nowhere dense subsets of convex surfaces. A similar result
was obtained earlier in the paper [20], containing also a characterization of the sets D(f) of
discontinuity points of linearly continuous functions f : Rn → R of the first Baire class in
terms of σ¯-ℓ-miserability. In this paper we shall generalize this characterization to linearly
continuous BP-measurable functions defined on any Baire cosmic vector space.
First we prove that any real-valued linearly continuous function on a finite-dimensional
topological vector space is of the first Baire class.
A function f : X → Y between topological spaces is defined to be
• of the first Baire class if f is a pointwise limit of a sequence of continuous functions
from X to Y ;
• of n-th Baire class for n ≥ 2 if f is a pointwise limit of a sequence of functions of the
(n− 1)-th Baire class from X to Y .
It is well-known [26, 24, 23] that for every n ≥ 2, each separately continuous function
f : Rn → R is of the (n − 1)-th Baire class, and (n − 1) in this result cannot be replaced
by a smaller number. This fact contrasts with the following surprising property of linearly
continuous functions, which will be proved in Section 2.
Theorem 1.1. Every linearly continuous function f : X → R on a finite-dimensional topo-
logical vector space X is of the first Baire class.
Taking any discontinuous linear functional on an infinite-dimensional Banach space, we
see that Theorem 1.1 does not generalize to infinite-dimensional topological vector spaces.
However, it is still true for BP-measurable linearly continuous functions between Baire cosmic
vector spaces.
By a cosmic vector space we understand a topological vector space, which is a continuous
image of a separable metrizable space. By [2, Theorem 1] (or [4, Lemma 5.1]), every Baire
cosmic topological group is separable and metrizable. This implies that every Baire cosmic
vector space is separable and metrizable.
We recall [15] that a subset A of a topological space X has the Baire property in X if there
exists an open set U ⊂ X such that the symmetric difference U△A is meager in X. It is
well-known [15] that the family of sets with the Baire property in a topological space X is a
σ-algebra containing the σ-algebra of Borel subsets of X.
A subset U of a topological space X is called functionally open if U = f−1(V ) for some
continuous function f : X → R and some open set V ⊆ R. Observe that an open subset of a
normal space is functionally open if and only if it is of type Fσ. A subset A of a topological
space is functionally closed if its complement X \A is functionally open in X.
A function f : X → Y between topological spaces is called
• Fσ-measurable if for any functionally open set U ⊂ Y the preimage f
−1(U) is of type
Fσ in X.
• Borel-measurable if for any functionally open set U ⊂ Y the preimage f−1(U) is a
Borel subset of X;
• BP-measurable if for any functionally open set U ⊂ Y the preimage f−1(U) has the
Baire property in X.
It follows that each Fσ-measurable function is Borel-measurable and each Borel-measurable
function is BP-measurable. By Theorem 1 of [11], a function f : X → Y from a metrizable
space X to a connected locally path-connected separable metrizable space Y is Fσ-measurable
if and only if f is of the first Baire class.
Now we can formulate one of the principal results of this paper.
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Theorem 1.2. Every BP-measurable linearly continuous function f : X → Y from a Baire
cosmic vector space X to a Tychonoff space Y is Fσ-measurable. If Y is a separable, metriz-
able, connected and locally path-connected, then f is of the first Baire class.
The proof of Theorem 1.2 consists of two steps: first we establish that every BP-measurable
linearly continuous function on a Baire topological vector space is conically quasi-continuous,
and then prove that every conically quasi-continuous function on a second-countable topolog-
ical vector space is Fσ-measurable.
The conical quasi-continuity is defined for functions on topological vector spaces and is a
modification of the quasi-continuity that takes into account the linear structure of the domain
of the function.
Let us recall [25] that a function f : X → Y between topological spaces is quasi-continuous
if for every point x ∈ X, neighborhood V ⊂ X of x and neighborhood W ⊂ Y of f(x), there
exists a nonempty open set U ⊂ V such that f(U) ⊂W . Observe that a function f : X → Y
is quasi-continuous if and only if for any open set U ⊂ Y the preimage f−1(U) is quasi-open
in the sense that the interior f−1(U)◦ of f−1(U) is dense in f−1(U). This implies that every
quasi-continuous function is BP-measurable.
A subset U of a topological vector space X is called conical at a point x ∈ X (or else
x-conical) if U 6= ∅ and for every u ∈ U the open segment (x;u) :=
{
(1− t)x+ tu : 0 < t < 1
}
is contained in U . It follows that each x-conical set contains x in its closure.
A function f : X → Y from a topological vector space X to a topological space Y is
called conically quasi-continuous if for any point x ∈ X, x-conical open set V ⊂ X and open
neighborhoodW ⊂ Y of f(x), there exists an x-conical open set U ⊂ V such that f(U) ⊂W .
It is easy to see that every conically quasi-continuous function on a topological vector space is
quasi-continuous. The converse is true for linearly continuous functions on Baire topological
vector spaces.
Theorem 1.3. For a linearly continuous function f : X → Y from a Baire topological vector
space X to a Tychonoff space Y the following conditions are equivalent:
(1) f is conically quasi-continuous;
(2) f is quasi-continuous;
(3) f is BP-measurable.
Theorem 1.4. Each conically quasi-continuous function f : X → Y from a second-countable
topological vector space X to a topological space Y is Fσ-measurable.
Theorems 1.2, 1.3 and 1.4 will be proved in Sections 5, 3 and 4, respectively.
Now we discuss a characterization of sets D(f) of discontinuity points of linearly continuous
functions f : X → Y on Baire cosmic vector spaces, extending the characterization given by
the second author in [20].
A subset V of a topological vector space X is called an ℓ-neighborhood of a set A ⊂ X if
for any a ∈ A and v ∈ X there exists ε > 0 such that a+ [0; ε) · v ⊂ V .
Following [20], we define a subset A of a topological vector space X to be
• ℓ-miserable if A ⊂ X \ L for some closed ℓ-neighborhood L of A in X;
• σ¯-ℓ-miserable if A is a countable union of closed ℓ-miserable sets in X.
The definition implies that each σ¯-ℓ-miserable set in a topological vector space is of type Fσ .
There are many results describing the sets of discontinuity points of functions from various
function classes (see for example [6, 14, 16, 19, 21, 22, 24]) In Section 6 we shall prove the
following description of the sets of discontinuity points of linearly continuous functions.
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Theorem 1.5.
(1) For any BP-measurable linearly continuous function f : X → Y from a Baire cosmic
vector space X to a separable metrizable space Y , the set D(f) of discontinuity points
of f is σ¯-ℓ-miserable in X.
(2) For any σ¯-ℓ-miserable set M in a metrizable topological vector space X, there ex-
ists a lower semicontinuous (and hence Fσ-measurable) linearly continuous function
f : X → [0; 1] such that D(f) =M .
A function f : X → R is called lower semi-continuous if for any a ∈ R the set {x ∈ X :
f(x) > a} is open in X.
Many examples of ℓ-miserable and σ¯-ℓ-miserable sets can be constructed using the following
theorem, proved in Section 7.
Theorem 1.6. Any nowhere dense subset of the boundary ∂U of an open convex set U in a
normed space X is ℓ-miserable in X.
For finite-dimensional normed spaces, Theorem 1.6 was proved in [20] (see also Theorem
3.4 in [8]).
Finally, we discuss one extension result showing that from the view-point of Descriptive
Set Theory, BP-measurable linearly continuous maps are not better than functions of the first
Baire class.
A subset C of a vector space X is called strictly convex if for any distinct points x, y ∈ C
the open segment (x; y) is contained in C.
Theorem 1.7. Let K be a σ-compact functionally closed subset of a topological vector space
X. If K is contained in the boundary ∂U of some strictly convex open set U ⊂ X, then every
Fσ-measurable function f : K → Y to a Banach space Y can be extended to an Fσ-measurable
linearly continuous function f¯ : X → Y .
Theorem 1.7 will be proved in Section 8. It has the following “finite-dimensional” corollary.
Corollary 1.8. Let U be a strictly convex open set in a finite-dimensional topological vector
space X and Y be a Banach space. Every Fσ-measurable function f : ∂U → Y can be extended
to a linearly continuous function f¯ : X → Y .
2. Proof of Theorem 1.1
Given a linearly continuous function f : X → R on a finite-dimensional topological vector
space X, we need to prove that f is of the first Baire class.
Since R is homeomorphic to (0; 1), we may assume that f(X) ⊂ (0; 1). Also we can
identify the finite-dimensional topological vector space X with the Euclidean space Rm for
some m ≥ 0. Being linearly continuous, the function f : Rm → (0; 1) is separately continuous
and by [26], f is of the (m− 1)-th Baire class and thus is Borel-measurable.
Let µ be the Lebegue measure on the Euclidean space X = Rm and B = {x ∈ X : ‖x‖ ≤ 1}
be the closed unit ball in X. For every n ∈ N, consider the function
fn : X → (0; 1), fn : x 7→
1
µ(B)
∫
B
f
(
x+ u
n
)
dµ(u),
which is continuous by Lemma 473(b) in [12]. The linear continuity of f ensures that
limn→∞ f(x +
u
n
) = f(x) for any x ∈ X and u ∈ B. By Lebesgue’s dominated conver-
gence theorem, fn(x) → f(x) for every x ∈ X, which means that f is of the first Baire
class.
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3. Proof of Theorem 1.3
In this section we prove Theorem 1.3. The implications (1) ⇒ (2) ⇒ (3) ⇒ (1) of this
theorem follow from Lemmas 3.2, 3.3, 3.5, respectively.
Lemma 3.1. For any open set U in a topological vector space X and any point x ∈ U there
exists an open x-conical neighborhood V ⊂ U of x.
Proof. By the continuity of the map γ : X × [0, 1] → X, γ : (z, t) 7→ tz + (1 − t)x, (with
γ
(
{x} × [0; 1]
)
= {x}) and the compactness of the closed interval [0; 1], there exists an open
neighborhood W ⊂ X of x such that γ
(
W × [0; 1]
)
⊂ U . It follows that
V := γ
(
W × (0; 1]
)
=
⋃
0<t≤1
(
(1− t)x+ tW
)
is a required open x-conical neighborhood in U . 
Lemma 3.2. Every conically quasi-continuous function f : X → Y from a topological vector
space X to a topological space Y is quasi-continuous.
Proof. Given a point x ∈ X and two open sets O ⊂ X andW ⊂ Y with x ∈ O and f(x) ∈W ,
we need to find a non-empty open set U ⊂ O such that f(U) ⊂ W . By Lemma 3.1, the
neighborhood O of x contains an open x-conical neighborhood V of x. By the conical quasi-
continuity of f , there exists a open x-conical set U ⊆ V ⊆ O such that f(U) ⊂ W . By
definition of an x-conical set, U is not empty, witnessing that f is quasi-continuous. 
Lemma 3.3. Every quasi-continuous function f : X → Y between topological spaces is BP-
measurable.
Proof. To prove that f is BP-measurable, fix any open set U ⊂ Y . The quasi-continuity of f
ensures that the interior f−1(U)◦ of the preimage f−1(U) is dense in f−1(U). Then the set
f−1(U)\f−1(U)◦ is nowhere dense and hence f−1(U) has the Baire property in X, witnessing
that the function f is BP-measurable. 
Lemma 3.4. Let f : X → Y be a BP-measurable linearly continuous function from a Baire
topological vector space X to a topological space Y . For any point x ∈ X, functionally open
neighborhood W ⊆ Y of f(x) and x-conical open set V ⊆ X there exist an x-conical open set
U ⊆ V and a dense Gδ-subset G of U such that f(G) ⊆W .
Proof. The BP-measurability of f ensures that the preimage f−1(W ) has the Baire property
in X.
For every n ∈ N, consider the x-conical subset Vn =
{
v ∈ V : x+ [0; 1
n
] · v ⊂ f−1(W )
}
of
V and observe that V =
⋃
n∈N Vn by the linear continuity of f . Since the open set V is not
meager in the Baire space X, for some n ∈ N the set Vn is not meager in X. Consequently,
there exists a non-empty open set U ′ ⊂ V such that U ′ ∩ Vn is a dense Baire subspace of U
′.
Consider the open x-conical subset U =
{
x+ tu : u ∈ U ′, 0 < t ≤ 1
n
}
of V and observe that
U ∩ (x+ 1
n
Vn) is a dense Baire subspace of U . This follows from the observation that for any
point u ∈ U there exists t ∈ (0; 1
n
] and u′ ∈ U ′ such that u = x+tu′ and then x+tU ′ is an open
neighborhood of u in U such that (x+tU ′)∩(x+ 1
n
Vn) = (x+tU
′)∩(x+[0, 1
n
]Vn) ⊃ x+t(U
′∩Vn)
is a dense Baire subspace of x+ tU ′.
Now observe that the intersection U ∩ f−1(W ) has the Baire property in X and contains
the dense Baire subspace U ∩ (x+ 1
n
Vn) of U , which implies that U ∩f
−1(W ) contains a dense
Gδ-subset G of U . 
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Lemma 3.5. Every BP-measurable linearly continuous function f : X → Y from a Baire
topological vector space X to a Tychonoff space Y is conically quasi-continuous.
Proof. Given a point x ∈ X, an open x-conical set V ⊂ X and a neighborhood O ⊂ Y of
f(x), we need to find an x-conical open set U ⊂ V such that f(U) ⊂ O. Since the space Y is
Tychonoff, there exists a functionally open neighborhood W of f(x) such that W ⊂ O.
By Lemma 3.4, there exists an open x-conical set U ⊂ V and a dense Gδ-set G in U such
that f(G) ⊂ W . We claim that f(U) ⊂ W ⊂ O. To derive a contradiction, assume that
f(u) /∈ W for some u ∈ U . Since Y is Tychonoff, the point f(u) has a functionally open
neighborhood Wu ⊂ X \W . By Lemma 3.1, there exists an open u-conical neighborhood
Vu ⊂ U of u. By Lemma 3.4, there exists an open u-conical set Uu ⊂ Vu containing a dense
Gδ-subset Gu such that f(Gu) ⊂ Wu. Then Gu and Uu ∩G are two dense Gδ-subsets of the
space Uu. Since Uu is Baire, the intersection Gu ∩ (Uu ∩ G) = Gu ∩ G is not empty. On the
other hand,
f(Gu ∩ Uu ∩G) = f(Gu ∩G) ⊂ f(Gu) ∩ f(G) ⊂Wu ∩W ⊂ (Y \W ) ∩W = ∅,
and this is a desired contradiction completing the proof. 
4. Proof of Theorem 1.4
Given a conically quasi-continuous function f : X → Y from a second-countable topological
vector space X to a topological space Y , we need to prove that f is Fσ-measurable. To
derive a contradiction, assume that the function f is not Fσ-measurable. Then there exists a
functionally open subset G ⊂ Y such that A = f−1(G) is not of type Fσ in X.
We say that a subset B ⊂ A can be separated from X \ A by an Fσ-set if there exists an
Fσ-set F ⊂ X such that B ⊂ F ⊂ A. It follows that A cannot be separated from X \ A by
an Fσ-set. Moreover, for any countable cover C of A there exists a set C ∈ C that cannot be
separated from X \ A by an Fσ-set.
Since G is functionally open in Y , there exists a continuous function ϕ : Y → [0; 1] such
that G = ϕ−1
(
(0; 1]
)
. For every m ∈ N consider the open set Gm = ϕ
−1
(
( 1
m
; 1]
)
and observe
that G =
⋃
m∈NGm =
⋃
m∈NGm.
Since A =
⋃
m∈N f
−1(Gm) cannot be separated from X \ A by an Fσ-set, for some m ∈ N
the set Am = f
−1(Gm) cannot be separated from X \ A by an Fσ-set.
Fix a countable base {Bn}n∈ω of the topology of the second-countable space X, consisting
of non-empty open sets. For every n ∈ N consider the open 0-conical set Bˇn = (0; 1] · Bn.
Observe that every open 0-conical subset of X contains some set Bˇn. This fact and the conical
continuity of f imply that for every point x ∈ Am there exists a number nx ∈ N such that
f(x+ Bˇnx) ⊂ Gm. For every n ∈ N consider the subset Am,n := {x ∈ Am : nx = n}. Since the
set Am =
⋃
n∈NAm,n cannot be separated from X \ A by an Fσ-set, for some n ∈ N the set
Am,n cannot be separated from X \A by an Fσ-set. Then the closure Am,n of Am,n in X has
a common point y with X \A. It follows that f(y) /∈ G and hence f(y) /∈ Gm. By the conical
quasi-continuity of f , there exists k ∈ N such that y+ Bˇk ⊂ y+ Bˇm and f(y+ Bˇk) ⊂ Y \Gm.
It follows that Bˇk ⊂ Bˇn and hence y + Bˇk − Bˇk ⊂ y + Bˇk − Bˇn is a neighborhood of y in
X. Since y ∈ Am,n, there exists a point z ∈ (y + Bˇk − Bˇn) ∩Am,n. For this point z the sets
z + Bˇn and y + Bˇk have non-empty intersection. On the other hand,
f
(
(z + Bˇn) ∩ (y + Bˇk)
)
⊂ f(z + Bˇn) ∩ f(y + Bˇk) ⊂ Gm ∩
(
Y \Gm
)
= ∅,
which is a contradiction that completes the proof of Theorem 1.4.
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5. Proof of Theorem 1.2
Let f : X → Y be a BP-measurable linearly continuous function from a Baire cosmic vector
space X to a Tychonoff space Y . By [2, Theorem 1], the space X is separable and metrizable
(being a Baire cosmic topological group). By Lemma 3.5, the function f is conically quasi-
continuous and by Theorem 1.4, f is Fσ-measurable. If the space Y is separable, metrizable,
connected and locally path-connected, then f is of the first Baire class according to the
Fosgerau Theorem 1 in [11].
6. Proof of Theorem 1.5
The two statements of Theorem 1.5 are proved in Lemmas 6.2 and 6.4.
Lemma 6.1. For any Fσ-measurable quasi-continuous linearly continuous function
f : X → Y from a topological vector space X to a metrizable separable space Y , the set D(f)
of discontinuity points of f is σ¯-ℓ-miserable in X.
Proof. Let {Vn}n∈N be a countable base of the topology of the separable metrizable space Y .
For every n ∈ N, consider the set En = f
−1(Vn) \ f−1(Vn)
◦
. Since f is Fσ-measurable, En is
Fσ-set in X. Then En =
⋃
k∈NEnk for suitable closed sets Enk in X.
Let us prove that D(f) ⊆
⋃
n∈NEn. Fix a point x ∈ D(f). Then there exists a set A ⊆ X
such that x ∈ A and f(x) 6∈ f(A). Pick n ∈ N such that f(x) ∈ Vn and Vn ∩ f(A) = ∅.
Let us show that x ∈ En. Obviously, x ∈ f
−1(Vn). Assuming that x ∈ f−1(Vn)
◦
, we can
find a point a ∈ A ∩ f−1(Vn)
◦
. Since f(a) /∈ Vn, we can use the quasi-continuity of f and
find a non-empty open set U ⊂ f−1(Vn)
◦
such that f(U) ∩ Vn = ∅. On the other hand, since
U ⊂ f−1(Vn), there exists a point u ∈ U∩f
−1(Vn). Then f(u) ∈ Vn∩f(U) ⊂ Vn∩(Y \Vn) = ∅,
which is a desired contradiction, completing the proof of the inclusion D(f) ⊂
⋃
n∈NEn.
Now we prove
⋃
n∈NEn ⊆ D(f). Fix n ∈ N and x ∈ En. Then x ∈ En = f
−1(Vn)\f−1(Vn)
◦
.
Consider the set A = X \ f−1(Vn) and observe that A = X \ f−1(Vn) = X \ f
−1(Vn)
◦ ⊃
X \ f−1(Vn)
◦
∋ x and f(A) ⊆ Y \ Vn 6∋ f(x), which implies x ∈ D(f).
It is remains to prove that the sets Enk are ℓ-miserable. Let Ln = f−1(Vn). It is clear that
Ln is a closed ℓ-neighborhood of Enk (as Enk ⊂ En ⊂ f
−1(Vn)). Furthermore, Enk ⊆ En ⊆
X \ L◦n = X \ Ln. 
Theorems 1.2, 1.3 and Lemma 6.1 imply
Lemma 6.2. For any BP -measurable linearly continuous function f : X → Y from a Baire
cosmic vector space X to a metrizable separable space Y , the set D(f) of discontinuity points
of f is σ¯-ℓ-miserable in X.
Lemma 6.3. Let X be a metrizable topological vector space and F be a closed ℓ-miserable set
in X. Then there exists a lower semicontinuous linearly continuous function f : X → [0; 1]
such that D(f) = F ⊆ f−1(0).
Proof. Since the set F is ℓ-miserable in X, there exists a closed ℓ-neighborhood L of F such
that F ⊆ X \ L. Applying Corollary 2.4 and Proposition 2.2 from [21], we can find a set
A ⊆ X \ L such that A ∩ L = F . Consider the subspace Y = X \ F of X and observe
that B = A ∩ Y and C = L ∩ Y are disjoint closed sets in Y . By the Urysohn lemma [10,
1.5.11], there exists a continuous function g : Y → [0; 1] such that g(B) ⊂ {1} and g(C) ⊂ {0}.
Define f : X → [0; 1] by f(x) = g(x) for x ∈ Y and f(x) = 0 for x ∈ F . It follows that
f(L) = f(C)∪f(F ) ⊂ {0}. But L is ℓ-neighborhood of F . Therefore, f is linearly continuous
at every point x ∈ F . On the other hand, the continuity of f↾Y on the open subset Y of
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X ensures that D(f) ⊆ F . Thus f is continuous at every point x 6∈ F . Consequently, f
is linearly continuous. Taking into account that F ⊂ A and f(A) ⊂ {1}, we conclude that
D(f) = F ⊆ f−1(0), which implies that f is lower semicontinuous. 
Lemma 6.4. Let X be a metrizable topological vector space and E be a σ¯-ℓ-miserable set in
X. Then there exists a lower semicontinuous linearly continuous function f : X → [0; 1] with
D(f) = E.
Proof. Since E is σ¯-ℓ-miserable, there exist closed ℓ-miserable sets Fn such that E =
⋃∞
n=1 Fn.
By Lemma 6.3 there are lower semicontinuous linearly continuous functions fn : X → [0; 1]
with D(fn) = Fn ⊆ f
−1(0). Define f =
∑∞
n=1
1
2n fn. Obviously, this series is uniformly
convergent. So, f is lower continuous and linearly continuous, being a uniform limit of lower
semicontinuous linearly continuous functions. Finally, [22, Lemma 1] implies that D(f) =⋃∞
n=1D(fn) =
⋃∞
n=1 Fn = E. 
7. Proof of Theorem 1.6
Given an open convex set U in a normed space X and a nowhere dense subset F ⊂ ∂U , we
have to prove that F is ℓ-miserable in X. This is trivially true if F is empty. So, we assume
that F 6= ∅. Then the boundary S = ∂U of U is not empty as well.
For a non-empty subset E ⊂ X denote by dE : X → R the continuous function assigning
to every x ∈ X the distance dE(x) = infy∈E ‖x− y‖ to the subset E. Consider the sets
G =
{
x ∈ U : dS(x) < (dF (x))
2
}
and L = X \G.
Obviously, G is open and L is closed. Since dF (x) = dS(x) = 0 for any x ∈ F , we have F ⊂ L.
The nowhere density of F in S implies that F ⊂ S \ F ⊂ G = X \ L.
It remains to prove that L is an ℓ-neighborhood of F in X. Given any non-zero vector
v ∈ X and any x ∈ F , we should find ε > 0 such that x+ [0; ε) · v ⊂ L. If x+ [0;+∞) · v ⊂ L,
then we are done. So, assume that x + λv /∈ L for some λ > 0. Replacing v by λv we can
assume that λ = 1 and hence x + v /∈ L and x + v ∈ G ⊂ U . Since U is open, there exists
δ > 0 such that x + v + δB ⊂ U , where B = {x ∈ X : ‖x‖ < 1} denotes the open unit ball
in X. We claim that x + [0; ε) · v ∈ L where ε := δ
‖v‖2
. Indeed, for any positive t < ε, by
the convexity of the set U we get (1 − t)x + tU ⊂ U . Being open, the set (1 − t)x + tU is
contained in the interior U \ ∂U = U of U . Then
x+ tv + tδB = (1− t)x+ t(x+ v + δB) ⊂ (1− t)x+ tU ⊂ U
and hence
dS(x+ tv) ≥ tδ = ‖tv‖
2 δ
t‖v‖2
> dF (x+ tv)
2 δ
ε‖v‖2
= dF (x+ tv)
2,
which implies that x+ tv /∈ G and hence x+ tv ∈ L.
8. Proof of Theorem 1.7
The proof of Theorem 1.7 is preceded by four lemmas.
Lemma 8.1. Let U be a strictly convex open set in a topological vector space X. If ∂U 6= ∅,
then X admits a continuous norm ‖ · ‖ such that the set U remains open and strictly convex
in the normed space (X, ‖ · ‖).
Proof. If ∂U is not empty, then the open convex set U is not empty and contains some
point. Replacing U by a suitable shift, we can assume that this point is zero. Consider the
open convex symmetric subset B = U ∩ (−U) and its gauge functional ‖ · ‖B : X → [0,∞),
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assigning to each point x ∈ X the number ‖x‖B = inf{t > 0 : x ∈ tB}. By [27, 1.4], ‖ · ‖B
is a seminorm on X. To show that ‖ · ‖B is a norm, it suffices to check that ‖x‖B > 0 for
any non-zero element x ∈ X. Assuming that ‖x‖B = 0, we conclude that R · x ⊂ B ⊂ U . By
our assumption, the boundary ∂U contains some point b. Proposition 1.1 of [5] implies that
b+R · x ⊂ ∂U , which contradicts the strict convexity of U . So, ‖ · ‖ is a continuous norm on
X.
To see that the set U remains open in the normed space (X, ‖ · ‖), take any point x ∈ U .
Since U is open, there exists ε ∈ (0; 12 ] such that
1
1−εx ∈ U . Since U is convex, x + εB ⊂
x+ εU = (1− ε) 11−εx+ εU ⊂ U, which means that x is an interior point of U in the normed
space (X, ‖ · ‖).
Next, we show that each point y ∈ X \U does not belong to the closure of U in the normed
space (X, ‖ · ‖). Since y /∈ U , there exists δ ∈ (0, 1] such that 11+δy /∈ U . We claim that
y + δB is disjoint with U . In the opposite case we can find a point u ∈ U ∩ (y + δB). Then
y ∈ U + δB ⊂ U + δU = (1 + δ)U and hence 11+δy ∈ U , which is a desired contradiction.
Therefore the closure of U in X coincides with the closure of U in the norm ‖ · ‖. Conse-
quently, the set U remains strictly convex in the norm ‖ · ‖. 
Lemma 8.2. Let U be a strictly convex open set in a normed space X, and K be a compact
subset of the boundary S = ∂U of U in X. Then there exists a closed ℓ-neighborhood L of K
such that L ∩ S = K.
Proof. Let B = {x ∈ X : ‖x‖ < 1} be the open unit ball of the normed space X. If K is
empty, then we put L = ∅ and finish the proof. Now assume that K 6= ∅. In this case the
sets S = ∂U and X \ U are not empty.
For every point x ∈ S \K, consider the compact set 12x+
1
2K := {
1
2x+
1
2y : y ∈ K}, which
is contained in U by the strict convexity of U . By the compactness of 12x+
1
2K, the number
δ(x) = inf
{
‖y − z‖ : y ∈ 12x+
1
2K, z ∈ X \ U
}
is strictly positive. For every y ∈ K we get
‖x− y‖ = 2‖x− (12x+
1
2y)‖ ≥ 2δ(x), (∗)
which implies that the open ball x+ 2δ(x)B does not intersect K.
Let ǫ(x) = min{δ(x), δ(x)2} for x ∈ S \K. It follows that the open set
W =
⋃
x∈S\K
(x+ ǫ(x)B)
contains S\K and is disjoint with K. Consequently, the closed set L = X \W has intersection
L∩S = K. It remains to prove that L is an ℓ-neighborhood of K. Given any x ∈ K and any
non-zero vector v ∈ X, we should find ε > 0 such that x+ [0; ε) · v ⊂ L. If x+ [0;∞) · v ⊂ L,
then there is nothing to prove. So, assume that x + rv /∈ L for some r > 0. Replacing the
vector v by rv, we can assume that r = 1 and hence x + v /∈ L. Then x + v ∈ s + ǫ(s)B
for some s ∈ S \K. We claim that for every positive t < min{12 ,
ǫ(s)
‖v‖2
} we have x + tv ∈ L.
To derive a contradiction, assume that x + tv /∈ L and hence x + tv ∈ s′ + ǫ(s′)B for some
s′ ∈ S \K. The inequality (∗) implies that 2δ(s′) ≤ ‖s′−x‖ < t‖v‖+ ǫ(s′) ≤ t‖v‖+ δ(s′) and
hence δ(s′) < t‖v‖. Then ǫ(s′) ≤ δ(s′)2 < t2‖v‖2 and
1
2ǫ(s) +
ǫ(s′)
2t <
1
2ǫ(s) +
t2‖v‖2
2t =
1
2ǫ(s) +
1
2‖v‖
2t < 12ǫ(s) +
1
2‖v‖
2 ǫ(s)
‖v‖2
= ǫ(s) ≤ δ(s).
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Finally
s′ ∈ x+ tv − ǫ(s′)B ⊂ x+ t(s− x+ ǫ(s)B)− ǫ(s′)B = (1− t)x+ ts+ (tǫ(s) + ǫ(s′))B =
= (1− 2t)x+ 2t
(
1
2x+
1
2s+ (
1
2ǫ(s) +
ǫ(s′)
2t )B
)
⊂ (1− 2t)x+ 2t
(
1
2s+
1
2x+ δ(s)B
)
⊂
⊂ (1− 2t)x+ 2tU ⊂ U,
which is not possible as s′ ∈ S ⊂ X \ U . 
A function f : X → Y between topological spaces X and Y is called σ¯-continuous if
there exists a sequence of closed sets Fn such that X =
⋃
n∈ω Fn and the restriction f↾Fn is
continuous for any n ∈ ω.
Lemma 8.3. Let X be a perfectly normal space, Y be a separable normed space and f : X → Y
be an Fσ-measurable function. Then there is a sequence of σ¯-continuous functions fn : X → Y
such that f(x) =
∑∞
n=0 fn(x) and supx∈X ‖fn(x)‖ ≤
1
2n for every n ∈ N.
Proof. Fix any countable dense set {yk : k ∈ ω} in the separable normed space Y . Let
B = {y ∈ Y : ‖y‖ < 1} be the open unit ball in Y . By the Fσ-measurability of f , for every
n, k ∈ ω, the set An,k := f
−1(yk +
1
2n+2B) is of type Fσ in X. Obviously, X =
⋃
k∈ω An,k for
every n ∈ ω. By the reduction theorem [17, p.358], for every n ∈ ω there exists a disjoint
sequence (En,k)k∈ω of Fσ-sets En,k ⊆ An,k such that
⋃
k∈ω En,k = X. Write each Fσ-set En,k
as the countable union En,k =
⋃
j∈ω Fn,k,j of closed sets Fn,k,j. For every n ∈ ω, consider
the function gn : X → Y assigning to each x ∈ X the point yk where k ∈ ω is the unique
number such that x ∈ En,k ⊂ An,k. Then ‖f(x) − gn(x)‖ = ‖f(x) − yk‖ <
1
2n+2
. Since
gn↾Fn,k,j is constant and X =
⋃
k,j∈ω Fn,k,j, the function gn is σ¯-continuous. Put f0 = g0 and
fn = gn − gn−1 for n ∈ N. Then
‖fn(x)‖ ≤ ‖gn(x)− f(x)‖+ ‖f(x)− gn−1(x)‖ <
1
2n+2
+ 1
2n+1
< 12n
for every x ∈ X and
∑∞
n=0 fn = limn→∞ gn = f . 
A topological space Y is called an absolute extensor if every continuous map f : X → Y
defined on a closed subspace X of a metrizable space M has a continuous extension f¯ :M →
Y . By a classical Dugundji result [9], every convex subset of a normed space is an absolute
extensor.
Lemma 8.4. Let U be a strictly convex subset of a topological vector space X, ∂U be the
boundary of U in X and K ⊂ ∂U be a σ-compact functionally closed set in X. Any σ¯-
continuous function f : K → Y to an absolute extensor Y can be extended to a linearly
continuous σ¯-continuous function f¯ : X → Y .
Proof. There is nothing to prove that K = ∅. So, we assume that K 6= ∅. In this case ∂U 6= ∅
and by Lemma 8.1 the space X admits a norm ‖ · ‖ such that the set U remains open and
strictly convex in the normed space (X, ‖ · ‖).
Fix any σ¯-continuous function f : K → Y to an absolute extensor Y . It follows that the σ-
compact set K can be written as the countable union K =
⋃
n∈ωKn of an increasing sequence
(Kn)n∈ω of compact sets such that for every n ∈ ω the restriction f↾Kn is continuous.
Since K is functionally closed in X, there exists a continuous function ϕ : X → [0, 1] such
that K = ϕ−1(0). On the space X consider the continuous metric ρ defined by ρ(x, y) =
‖x − y‖ + |ϕ(x) − ϕ(y)|. For a point x ∈ X and a non-empty subset A ⊂ X let ρ(x,A) =
infa∈A ρ(x, a).
For every n ∈ ω consider the ρ-open set Gn = {x ∈ X : ρ(x,K) >
1
2n } and the ρ-closed set
G˜n = {x ∈ X : ρ(x,K) ≥
1
2n } in X and observe that
⋃
n∈ω Gn =
⋃
n∈ω G˜n = X \K.
LINEARLY CONTINUOUS FUNCTIONS AND Fσ-MEASURABILITY 11
By Lemma 8.2, for every n ∈ ω there is a closed ℓ-neighborhood L′n of Kn in the normed
space (X, ‖ · ‖) such that L′n ∩ K = Kn. For every n ∈ ω consider the ρ-closed set Ln =
G˜n ∪
⋃
k≤n L
′
k and observe that Ln is an ℓ-neighborhood of Kn such that Ln ∩K = Kn. It
follows that
⋃
n∈ω Ln = X.
A function g : A→ Y on a subset A ⊂ X will be called ρ-continuous if it is continuous with
respect to the topology on A, generated by the metric ρ. Observe that for every n ∈ ω the
restriction f↾Kn is ρ-continuous because the topology of the compact space Kn is generated
by the metric ρ.
Since Y is an absolute extensor, the ρ-continuous function f↾K0 has a ρ-continuous exten-
sion f0 : L0 → Y . By induction, for every n ∈ N find a ρ-continuous function fn : Ln → Y
such that fn↾Kn = f↾Kn and fn↾Ln−1 = fn−1. Such a function fn exists since Y is an
absolute extensor and
f↾Kn ∩ Ln−1 = f↾Kn−1 = fn−1↾Kn−1 = fn−1↾Kn ∩ Ln−1
(by the inductive assumption) and hence the function (f↾Kn) ∪ fn−1 is well-defined and
ρ-continuous (so has a ρ-continuous extension fn).
Now consider the function f¯ : X → Y such that f¯↾Ln = fn for every n ∈ ω. Observe that
for every n ∈ ω we have f¯↾Kn = fn↾Kn = f↾Kn, which implies that f¯ is an extension of the
function f . Taking into account that the metric ρ on X is continuous, and the restrictions
f¯↾Ln, n ∈ ω, are ρ-continuous, we conclude that that these restrictions are continuous, which
implies that the function f¯ : X → Y is σ¯-continuous.
It is remains to show that the function f¯ is linearly continuous. Fix x ∈ X. If x ∈ X \K,
then x ∈ Gn ⊂ Ln for some n ∈ ω. Since f¯ |Gn = fn|Gn , the function f¯ is ρ-continuous and
hence continuous at x. If x ∈ F , then x ∈ Kn for some n ∈ ω. Since Ln is an ℓ-neighborhood
of x and f¯↾Ln = fn is continuous, f¯ is ℓ-continuous at x. 
Now we can present the proof of Theorem 1.7. Let U be a strictly convex open set in a
linear topological space X, ∂U be the boundary of U in X, and K ⊂ ∂U be a σ-compact
functionally closed set in X. Given any Fσ-measurable function f : K → Y to a Banach
space Y , we need to find a linearly continuous Fσ-measurable extension f¯ : X → Y of f .
If K = ∅, then the zero function f¯ : X → {0} ⊂ Y is a continuous function extending
the function f . So, we assume that K 6= ∅ and then ∂U 6= ∅. By Lemma 8.1, the linear
topological space X admits a continuous norm. Then all compact subsets of X are metrizable
and second-countable. This implies that the σ-compact space K has countable network and
hence is hereditarily Lindelo¨f and perfectly normal.
By Theorem 2.5 of [4], any Borel image of a Polish space has countable spread. Since
metrizable spaces with countable spread are separable [10, 4.1.15], the image f(K) is separable
and hence is contained in a separable Banach subspace Y ′ of the Banach space Y . By
Dugundgi Theorem [9], the closed unit ball B = {y ∈ Y ′ : ‖y‖ ≤ 1} of the Banach space Y ′
is an absolute extensor.
By Lemma 8.3, the Fσ-measurable function f : K → Y
′ can be written as the sum of
a uniformly convergent series f =
∑∞
n=0 fn for some sequence of σ¯-continuous functions
fn : K → Y
′ such that fn(K) ⊂
1
2nB for any n > 0. By Lemma 8.4 for every n ∈ ω there
exists a linearly continuous σ¯-continuous function f¯n : X → Y
′ such that f¯n↾F = fn and
f¯n(X) ⊂
1
2nB if n > 0. It follows that the series f¯ :=
∑∞
n=0 f¯n is uniformly convergent to
a linearly continuous function f¯ : X → Y ′ extending the Fσ-measurable function f . Since
each σ¯-continuous function fn is Fσ-measurable, the sum f¯ of the uniformly convergent series∑∞
n=0 fn is Fσ-measurable by Theorem 2 in [17, §31].
12 T. BANAKH AND O. MASLYUCHENKO
References
1. R. Baire, Sur les fonctions de variables re´elles, Annali di Mat. (3) 3 (1899), 1–123.
2. T. Banakh, O. Hryniv, Baire category properties of topological groups, Visnyk Lviv Univ. 86 (2018) 71–76;
https://arxiv.org/abs/1901.01420.
3. T.O. Banakh, O.V. Maslyuchenko, Fractal dimension and discontinuities of linearly continuous functions,
Reports of the National Academy of Sciences of Ukraine 6 (2012), 7–12.
4. T. Banakh, A. Ravsky, Banalytic spaces and characterization of Polish groups, Letters in Math. Sci. 1
(2019); https://arxiv.org/pdf/1901.10732.pdf.
5. C. Bessaga, A.Pe lczyn´ski, Selected topics in infinite-dimensional topology, PWN, Warsaw, 1975.
6. J.C. Breckenridge, T. Nishiura, Partial continuity, quasi-continuity and Baire spaces, Bull. Inst. Acad.
Sinica, 4:2 (1976), 191–203.
7. J. Calbrix, J.-P. Troallic, Applications se´pare´ment continues, C. R. Acad. Sci., Paris, Se´r. A. 288 (1979),
647–648.
8. K.C. Ciesielski, T. Glatzer, Sets of discontinuities of linearly continuous functions, Real Anal. Exchange,
38:2 (2012), 377–390.
9. J. Dugundji, An extension of Tietze’s theorem, Pacific J. Math. 1 (1951), 353–367.
10. R. Engelking, General topology, Heldermann Verlag, Berlin, 1989.
11. M. Fosgerau, When are Borel functions Baire functions?, Fund. Math. 143:2 (1993), 137–152.
12. D. Fremlin, Measure Theory, Vol.4, Torres Fremlin, Colchester, 2006.
13. A. Genocchi, (G. Peano ed.), Calcolo differenziale e principi di calcolo integrale, Torino, Fratelli Bocca,
1884.
14. Z. Grande, Une caracte´risation des ensembles des point de discontinuite´ des fonctions line´airement-
continues, Proc. Amer. Math. Soc. 52 (1975), 257–262.
15. A. S. Kechris, Classical discriptive set theory, Springer, 1995.
16. R. Kershner, The continuity of functions of many variables, Trans. Amer. Math. Soc. 53:1 (1943) 83–100.
17. K. Kuratowski, Topology. Vol. I., Moscow: Mir., 1966.
18. H. Lebesgue, Sur les fonctions repre´sentables analytiquement., C. R. Acad. Sci., Paris 139 (1905), 29–31.
19. O.V. Maslyuchenko, The discontinuity point sets of quasi-continuous functions, Bull. Austral. Math. Soc.,
75:3 (2007), 373–379.
20. O.V. Maslyuchenko, The discontinuity point set of ℓ-continuous function of the first Baire class, Naukovyj
visnyk Chernivets’kogo universytetu. Matematyka 374 (2008), 96–98.
21. O.V. Maslyuchenko, The oscillation of quasi-continuous functions on pairwise attainable spaces, Houston
J. Math. 35:1 (2009), 113–130.
22. V.K. Maslyuchenko, V.V. Mykhaylyuk, O.V. Sobchuk, Inverse problems of the theory of separately con-
tinuous maps., Ukr. Mat. Zh. 44:9 (1992), 1209–1220.
23. O.V. Maslyuchenko, V.K. Maslyuchenko, V.V. Mykhaylyuk, Paracompactness and the Lebesgue classifi-
cation, Matematychni Metody ta Fizyko-Mekhanichni Polya 47:2 (2004), 65–72.
24. O.V. Maslyuchenko, V.K. Maslyuchenko, V.V. Mykhaylyuk, O.V. Sobchuk, Paracompactness and sepa-
rately continuous mappings, T. Banakh (ed.), General topology in Banach spaces. Huntington, New York:
Nova Science Publishers 111 (2001), 147–169.
25. T. Neubrunn, Quasi-continuity, Real Anal. Exchange 14:2 (1988/89), 259–306.
26. W. Rudin, Lebesgue’s first theorem, Adv. Math., Suppl. Stud. 7B, (1981), 741–747.
27. H.H. Schaefer, Topological vector spaces, Springer, 1999.
28. S.G. Slobodnik, An expanding system of linearly closed sets, Math. Notes, 19 (1976), 39–48.
29. W.H. Young, G.C. Young, Discontinuous functions continuous with respect to every straight line, Quart.
J., 41 (1910), 87–93.
Institute of Mathematics, Jan Kochanowski University in Kielce, Z˙eromskiego Str. 5, 25-
369 Kielce, Poland and Department of Mechanics and Mathematics, Ivan Franko Lviv National
University, Universytetska Str. 1, 79000 Lviv, Ukraine
E-mail address: t.o.banakh@gmail.com
Institute of Mathematics, University of Silesia in Katowice, Bankowa 12, 40-007 Katowice,
Poland and Yuriy Fedkovych Chernivtsi National University, Department of Mathematical
Analysis, Kotsiubynskoho 2, 58012 Chernivtsi, Ukraine
E-mail address: ovmasl@gmail.com
